This research investigates on the numerical methods for computing the greatest common divisors (GCD) of two polynomials in the orthogonal basis without having to convert to the power series form. Previous implementations were conducted using the Gauss Elimination with partial pivoting (GEPP) and QR Householder algorithms, respectively. This work proceeds to seek for a better approximate solution by comparing the results of the implementations with the QR with column pivoting (QRCP) algorithm. The results reveal that QRCP is as competent as the GEPP algorithm, up to a certain degree, giving a reasonably good approximate solution. It is also found that normalizing the columns of the associated coefficient matrix slightly reduces the condition number of the matrix but has no significant effect on the GCD solutions when applying the GEPP and QR Householder algorithms. However equilibration of the columns by computing its ∞-norm is capable to improve the solution when QRCP is applied. Comparing the three algorithms on some test problems, QR Householder outperforms the rest and is able to give a good approximate solution in the worst case condition when the smallest element of the matrix is 1, the entries ranging up to 15 digits integers.
INTRODUCTION
Problem arises in image processing [1, 2] , control theory [3] , and the calculation of multiple roots of a polynomial [4] require the computation of the greatest common divisor (GCD) of two poynomials. Generally, polynomials in the orthogonal basis may be better conditioned than that of the power series form when finding polynomial roots. The representation of polynomials in the orthogonal basis is very useful in the numeric computations due to its wellconditioned property which when applied using appropriate numerical methods give better approximation to the root finding problem.
The theory and applications of polynomials in the generalized form have been well studied by Barnett [5, 6, 7] as proposed in several of his works. Aris [8] and Ahmad et al. [9] has implemented the theories and analytical results in Barnett [5, 6, 7] by presenting a new symbolic algorithm for computing the GCD of polynomials in the orthogonal basis, in particular the Legendre and Chebyshev polynomial basis. The work have applied the modular homomorphic image scheme so as to avoid multiprecision operations involving very large integers and rational numbers in the coefficients of the polynomials represented in its orthogonal form. An improved algorithm that combines the modular approach with rational number computations at different stages of the algorithm had also been shown in Aris [10] . From these works, the computations were succesfully done in the orthogonal polynomial basis, rather then converting to the power series form. Thus, in the exact computation environment, the theoretical and emprical aspects of finding the GCD of certain class of polynomials in the orthogonal basis using the theorem of Barnett were well achieved and presented.
The question of whether it is also possible to apply appropriate numerical computational tools for solving the GCD or other related problems involving orthogonal basis polynomials, without having to convert to the power series basis remains a challenging task. The comrade matrix approach reduces to a linear algebra problem of finding the rank and solving overdetermined systems of linear equations. The motivation to proceed from previous works in Aris [8] and Ahmad et al. [9] using the comrade matrix approach under the floating point environment is not only for solving the GCD, but also to further investigate on the strength and limitations of the chosen numerical methods of solving the corresponding systems of equations. The main task is to develop a suitable technique that can solve the problem when the entries of the coefficient matrix involve very large integers with a large disparity in the magnitude of the smallest and largest entries of the matrix.
In this paper, the task of computing the GCD of two polynomials relative to an orthogonal basis, in particular the shifted Chebyshev polynomial basis, using the comrade matrix approach is investigated. Performing computations in the floating point environment, the ultimate aim of the research is to propose appropriate numerical methods for solving the problem. As in Isa et. al. [11] , apart from getting a good approximate solution, this research intends to investigate how the input data from the polynomial coefficients or the coefficient matrix entries can affect the accuracy of the solutions. Therefore, besides the stability criterion of the chosen numerical methods, the conditioning property of the coefficient matrix is also considered.
The method of computing the GCD of two polynomials ( ) and ( ) based on comrade matrix approach leads to solving RESEARCH ARTICLE corresponding systems of linear equations and the work done in two stages. In particular, the degree of GCD of the polynomials which equal to the rank loss of the coefficient matrix is initially determined, after which, the coefficients of the GCD are obtained from solving the associated systems. Considering the conditioning property of coefficient matrix, appropriate stable methods are needed to solve the systems of equations which is constructed from the comrade matrix. In this paper, results using the well-known Gauss elimination method with partial pivoting (GEPP), the QR Householder decomposition and the QR Householder with column pivoting (QRCP) algorithm for solving systems of linear equations are implemented to find the GCD of certain class of polynomials and the results presented.
THE COMRADE MATRIX APPROACH
The comrade matrix was introduced as the analogue of the companion matrix when a polynomial is expressed in terms of a basis set of orthogonal polynomials. It is shown that the determination of finding the greatest common divisor (GCD) of two or more polynomials can be extended to the case of generalized polynomials by using the comrade matrix (Barnett, 1984) . Let
be a set of real orthogonal polynomials defined by the relationship of
for = 1, 2, 3, … , − 1with > 0, > 0, > 0. Any given th degree univariate polynomial in can be uniquely expressed as a linear combination of the set 0 ( ), 1 
( ), … , ( ).
Consider two arbitrary polynomials ̃( ) =̃0 +̃1 +̃ and ̃( ) =̃0 +̃1 + ⋯ +̃ with coefficient over a field can be written as
With no loss of generality, let = 1 and < . If the values of , , for = 0, 1, … , − 1 are known, the comrade matrix for ( ) is an × matrix given by
Constructing the system of equations
If is the comrade matrix given as above, define (2), we obtain the rows in term of the comrade matrix and recurrence relation such that:
for = 2, … , . It is known [6] that = − rank[ ( ) ] is the degree of the GCD of ( ) and ( ) such that
Theorem 1 For = 1, 2, … , , let be the ℎ column of ( ). The columns +1 , … , are linearly independent and the coefficients 0 , … , −1 in (7) are given by
The k-system of equations in (8) is described by the augmented matrix
which is
for each = 1, 2, … , and , +1 = −1 .
The computation of the rank of ( ) and the coefficient of GCD, can be computed simultaneously from (9) and (10) . The column of matrix ( ) is rearranged to produce a new matrix so that the ℎ column of ( ) is the − ( − 1) ℎ column of the new matrix, say (0) i.e:
Reducing
(0) to upper row echelon form by s steps gives the matrix
such that = rank( (0) ). If = − , the solution to the coefficient of ( ) is given as follows:
for each = 1, 2, … , . If = , then the degree of ( ) = 0 which implies that GCD is a unit element.
3-terms recurrence relation for the Chebyshev basis
The shifted Chebyshev polynomials of the first kind is orthogonal defined by: * ( ) = (2 − 1)
Where * ( ) = cos[ cos −1 (2 − 1)] = (2 − 1)
The recurrence relation for the polynomial is From the comrade matrix, with the coefficients of polynomial ( ) known, then the ( ) matrix is constructed. By Theorem 1, the ( ) matrix is rearranged so that a coefficient matrix is obtained i. The polynomials in this example is of degree 5 and 6 repectively. There is a large disparity in the sizes of the coefficients of the polynomials, considering monic polynomials wth coefficient of the highest degree terms equals 1. The smallest entry of the matrix ( ) is 1 while the largest entry has at least 15 digits. The matrix is ill conditioned. Preconditioning may be required in order to obtain a good approximate solution.
Let deg( ( )) = and ( ) = gcd( ( ), ( )). Here, we have = deg ( ( )) = − rank[ ( )]. In this paper, we consider the class of polynomials with big GCD in which case has to be at least n/2, such that the coefficient matrix has small rank. We expect this to be the worst case, whereby roundoff errors are accumulated in the reduction and decomposition process.
The numerical methods considered in this work are Gauss Elimination with partial pivoting (GEPP), QR Householder decompositions and QR Householder with column pivoting (QRCP). Even though the GEPP method is not always stable, it is the simplest method as it can simultaneously determine the rank and reduces the coefficient matrix to its reduced form (11) . From the rank, an augmented matrix representing the reduced systems of equations can be determined. Consequently, the desired coefficients of the GCD can be obtained directly from the reduced triangular matrix via backward substitutions. However, GEPP, is expected to be less appropriate and unstable for large matrices due to the accumulation of roundoff errors in the reduction process. The application of QR decomposition and QR with column pivoting which are known to be stable and widely used in solving the least square and over determined systems [12, 13, 14] are investigated and comparison between these algorithms is conducted.
RESULTS AND DISCUSSION
The test polynomials are generated by converting from power series form such that the GCD of the polynomials is at least half the degree of the higher degree polynomial. In this paper, we present the results on the effects of partial pivoting in Gauss elimination, column pivoting in QR decomposition and normalization of the coefficient matrix columns on the condition number and the approximate solution of the GCD. Greatest Common Divisor of ( ) and ( ) is ( ) = 4 ( )−16 3 ( )−388 2 ( ) + 3600 1 ( ) − 3197 Table 2 Example of some polynomials (small rank, big GCD cases). The results of the implementation of the QRCP, QR Householder and GEPP algorithms on some test problems using C++ programming are presented as shown in Table 3 . The norm-wise relative error results in Table 3 , illustrated that for test examples 1-5, the algorithms give a good approximation to the respective solution with reasonably small relative error, even though the condition number of the respective coefficient matrix indicate that the computed solutions ought to be sensitive to the order of arithmetic and precision applied. For each of these test examples, GEPP and QR Householder produce a better approximate solution compared to QRCP which shows that partial pivoting in the GEPP and QR without pivoting is sufficient to give a good approximate solution. As shown in Table 4 , for all the test examples, the condition number for each coefficient matrix is slightly reduced after each column is normalized so as to have a uniform size in the column entries, in which case the QRCP do gives a better approximated solution after normalization. Thus for QRCP equilibration of the columns by ∞-norm reduces the condition number and is also able to improve the solution.
Test examples 6 and 7 consider the cases whendeg( ( )) = 8, such that the rank of ( ) equals 1
Thus the degree of the GCD is 7, which is just one degree less than that of degree ( ). For these polynomials, only QR Householder is able to give a good approximate solution. GEPP and QRCP fail to give a good approximation. These two examples are severely ill-conditioned compared to the other test examples. It can be seen for these two cases that normalizing each column of the coefficient matrix does not contribute a significant effect in reducing the condition number of the matrix. Nor does it lead to a good approximate solution, with the exception of the QR algorithm which proves to remain stable.
CONCLUSION AND FURTHER WORK
The results reveal the potential of the Gauss elimination with partial pivoting to solving overdetermined systems of linear equations up to a certain degree, despite the ill-condition property of the matrix involved, as depicted in the varying magnitude of the entries of the matrix and its respective condition number. The empirical results in the norm-wise relative error shows that the GEPP method is as competitive as the QR algorithm with column pivoting. The latter method involves finding the inverse of a triangular matrix before the final solution is obtained. On the other hand, QR Householder has less complexity, without having to do column pivoting and computing matrix inverse. It is the most effective method, so far. Further work is to work on test examples 6 and 7 and higher degree polynomials. Appropriate preconditioning or preprocessing strategies has to be determined since the higher the degree of the polynomials, the size of the integer matrix entries will also increase. Consequently, the larger will be the disparity in the magnitude of the entries of the matrix involved.
